Free vibration of axially loaded rectangular composite beams with arbitrary lay-ups using refined shear deformation theory is presented. It accounts for the parabolical variation of shear strains through the depth of beam. Three governing equations of motion are derived from the Hamilton's principle. The resulting coupling is referred to as triply axial-flexural coupled vibration. A displacement-based onedimensional finite element model is developed to solve the problem. Numerical results are obtained for rectangular composite beams to investigate effects of fiber orientation and modulus ratio on the natural frequencies, critical buckling loads and load-frequency curves as well as corresponding mode shapes.
Free vibration of axially loaded rectangular composite beams using refined shear deformation theory
Introduction
Structural components made with composite materials are increasingly being used in various engineering applications due to their attractive properties in strength, stiffness, and lightness. Understanding their dynamic behaviour is of increasing importance. For some practical applications, earlier research on the free vibration characteristics of metallic beams ( [1] , [2] ) has shown that the effects of axial force on natural frequencies and mode shapes are, in general, much more pronounced than those of the shear deformation and/or rotatory inertia. Thanks to the advantage that no shear correction factors are needed, the higher-order beam theory (HOBT) is widely used for analysis of composite beams. Though many works on dynamic characteristics are available in the open literature ([3] - [12] ), only representative samples are cited here, while detailed discussions can be found in Ref. [13] . Some researchers studied vibration and buckling problems in a unified fashion ([14] - [20] ). Although a large number of studies have been performed on these problems of composite beams using HOBTs, there appear to be few papers that reported on the free vibration of axially loaded composite beams. Jun and Hongxing [13] introduced the dynamic stiffness matrix method to solve the free vibration of axially loaded composite beams with arbitrary lay-ups. Karama et al. [21] presented static and dynamic of composite beams with a transverse shear stress continuity model based on trigonometric shear deformation theory.
In this paper, which is extended from previous research [22] , free vibration of axially loaded rectangular composite beams with arbitrary lay-ups using refined shear deformation theory is presented.
It accounts for the parabolical variation of shear strains through the depth of beam. Three governing equations of motion are derived from the Hamilton's principle. The resulting coupling is referred to as triply axial-flexural coupled vibration. A displacement-based one-dimensional finite element model is developed to solve the problem. Numerical results are obtained for composite beams to investigate effects of fiber orientation and modulus ratio on the natural frequencies, critical buckling loads and load-frequency curves as well as corresponding mode shapes.
Kinematics
Consider a laminated composite beam with length L and rectangular cross-section b × h, with b being the width and h being the height. The x-, y-, and z-axes are taken along the length, width, and height of the beam, respectively. This composite beams is made of many plies of orthotropic materials in different orientations with respect to the x-axis. To derive the finite element model of composite beam, the following assumptions are made for the displacement field:
(a) The axial and transverse displacements consist of bending and shear components in which the bending component does not contribute toward shear forces and, likewise, the shear component does not contribute toward bending moments.
(b) The bending component of axial displacement is similar to that given by the Euler-Bernoulli beam theory.
(c) The shear component of axial displacement gives rise to the higher-order variation of shear strain and hence to shear stress through the depth of the beam in such a way that shear stress vanishes on the top and bottom surfaces . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 The displacement field of the present theory can be obtained as:
where u is the axial displacement along the mid-plane of the beam, w b and w s are the bending and shear components of transverse displacement along the mid-plane of the beam, respectively. The non-zero strains are given by:
where
and ǫ • x , γ • xz , κ b x , κ s x and κ xy are the axial strain, shear strains and curvatures in the beam, respectively defined as:
where differentiation with respect to the x-axis is denoted by primes ( ′ ).
Variational Formulation
In order to derive the equations of motion, Hamilton's principle is used:
where U is the variation of the strain energy, V is the variation of the potential energy, and K is the variation of the kinetic energy.
The variation of the strain energy can be stated as: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 where N x , M b x , M s x and Q xz are the axial force, bending moments and shear force, respectively, defined by integrating over the cross-sectional area A as:
The variation of the potential energy of the axial force can be expressed as:
The variation of the kinetic energy is obtained as:
where the differentiation with respect to the time t is denoted by dot-superscript convention; ρ k is the density of a k th layer and m 0 , m 1 , m 2 , m f , m f z and m f 2 are the inertia coefficients, defined by:
By substituting Eqs. (6), (8) and (9) into Eq. (5), the following weak statement is obtained: 
Constitutive Equations
The stress-strain relations for the k th lamina are given by:
whereQ 11 andQ 55 are the elastic stiffnesses transformed to the x direction. More detailed explanation can be found in Ref. [23] .
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (2), (7) and (13):
where R ij are the laminate stiffnesses of general composite beams and given by:
where A ij , B ij and D ij matrices are the extensional, coupling and bending stiffness and E ij , F ij , H ij matrices are the higher-order stiffnesses, respectively, defined by: 
Governing equations of motion
The equilibrium equations of the present study can be obtained by integrating the derivatives of the varied quantities by parts and collecting the coefficients of δu, δw b and δw s :
The natural boundary conditions are of the form:
By substituting Eqs. (4) and (14) into Eq. (17), the explicit form of the governing equations of motion can be expressed with respect to the laminate stiffnesses R ij :
Eq. (19) is the most general form for the free vibration of axially loaded of rectangular composite beams with arbitrary lay-ups, and the dependent variables, u, w b and w s are fully coupled.
Finite Element Formulation
The present theory for composite beams described in the previous section was implemented via a displacement based finite element method. The variational statement in Eq. (12) requires that the bending and shear components of transverse displacement w b and w s be twice differentiable and C 1 -continuous, whereas the axial displacement u must be only once differentiable and C 0 -continuous. The 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 generalized displacements are expressed over each element as a combination of the linear interpolation function Ψ j for u and Hermite-cubic interpolation function ψ j for w b and w s associated with node j and the nodal values:
Substituting these expressions in Eq. (20) into the corresponding weak statement in Eq. (12), the finite element model of a typical element can be expressed as the standard eigenvalue problem:
where 
All other components are zero. In Eq. (21), {∆} is the eigenvector of nodal displacements corresponding to an eigenvalue: Table 2 . The material properties of AS4/3501-6 graphite/epoxy composite are assumed to be [7] :
be noticed that the natural frequencies given in Table 2 are in excellent agreement with the reference solution [7] , which were also obtained from the higher-order beam theory, for all boundary conditions.
In the next example, simply-supported anti-symmetric cross-ply composite beams with different span-to-height ratios are considered. This example is issued from [10] and the material properties are:
The non-dimensional term is defined by: ω = ωL 2 h ρ E 2 . The first four natural frequencies are evaluated and compared with numerical results in Ref. [10] in Table 3 . It is observed that the present results are in good agreement with previous study and the commercial software ANSYS for the thin and thick beam.
To demonstrate the accuracy and validity of this study further, symmetric and anti-symmetric cross-ply composite beams are considered. In the following examples, all laminate are of equal thickness and made of the same orthotropic material, whose properties are:
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The fundamental natural frequencies and critical buckling loads for different span-to-height ratios and different boundary conditions are compared with those of ( [14] , [15] ), who used a state-space concept in conjunction with the Jordan canonical form to obtain exact solutions and previous results ([8] , [18] , [19] ) in Tables 4 and 5 . It should be noted that the numerical results given in Refs. ( [8] , [14] , [15] , [18] , [19] given. Due to the small coupling effects (Figs. 1 and 2) , the results by uncoupled and coupled solution are identical. Characteristic of load-frequency curves is that the value of the axial force for which the natural frequency vanishes constitutes the buckling load. Thus, for θ = 60 • , the first flexural buckling occurs at P = 0.254. As a result, the lowest branch vanishes when P is slightly over this value. As the axial force increases, the second, third branch will also disappear when P is slightly over 2.195 and 5.568, respectively. It should be noted that for the third branch, two curves (P z 3 − ω x 1 ) and (P z 3 − ω z 3 )
intersect at P = 0.152, thus, after this value, the first axial mode becomes the third flexural one. A comprehensive three dimensional interaction diagram of the natural frequencies, axial compressive 1force and fiber angle is plotted in Fig. 5 . Three groups of curves are observed. The smallest group is for the first flexural mode and the larger ones are for the second and third flexural mode, respectively.
The next example is the same as before except that in this case, an unsymmetric [0 • /θ] lay-up is considered. Major effects of the axial force on the natural frequencies are again seen in Table 7 Finally, the effects of modulus ratio (E 1 /E 2 ) on the first load-frequency curve of a simply-supported composite beam with L/h = 10 are investigated. A symmetric and an anti-symmetric cross-ply layups are considered. It is observed from Fig. 10 that the fundamental natural frequencies and critical buckling loads as well as load-frequency curves increase with increasing orthotropy (E 1 /E 2 ) for two lay-ups considered. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 9. References 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65 Comparison of the non-dimensional critical buckling loads of symmetric and anti-symmetric cross-ply composite beams with various boundary conditions. Table 6 : Effect of axial force on the first three non-dimensional natural frequencies of a cantilever anti-symmetric angle-ply [θ/ − θ] composite beam with respect to the fiber angle change. Table 2 : Comparison of the first four non-dimensional natural frequencies of symmetric cross-ply composite beams with various boundary conditions. Table 3 : Comparison of the first four non-dimensional natural frequencies of simply-supported antisymmetric cross-ply composite beams. Table 4 : Comparison of the non-dimensional fundamental natural frequencies of symmetric and anti-symmetric cross-ply composite beams with various boundary conditions. Table 5 : Comparison of the non-dimensional critical buckling loads of symmetric and antisymmetric cross-ply composite beams with various boundary conditions. Table 6 : Effect of axial force on the first three non-dimensional natural frequencies of a cantilever anti-symmetric angle-ply   /   composite beam with respect to the fiber angle change. Table 7 : Effect of axial force on the first three non-dimensional natural frequencies of an unsymmetric   0/ cantilever composite beam with respect to the fiber angle change.  P P z1 - z1 P z2 - z2 P z3 - x1 P z3 - z3 Figure 5 : Three dimensional interaction diagram between the axial compressive force and the first three natural frequencies of a cantilever anti-symmetric angle-ply composite beam with respect to the fiber angle change. 
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